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The sensitivity of laminated conical shells to imperfection is considered, via the initial post-buckling analysis, on the
basis of three diﬀerent shell theories: Donnell’s, Sanders’, and Timoshenko’s. Unlike isotropic conical shells or laminated
cylindrical shells, in the case of laminated conical shells the thickness and the material properties vary with the shell coor-
dinates, which complicates the problem considerably. The main objective of the study is to investigate the inﬂuence of the
variation of the stiﬀness coeﬃcients on the buckling behavior and on the imperfection sensitivity of laminated conical
shells. It is felt that by ﬁnding the various parameters that inﬂuence the shell’s imperfection sensitivity, it is possible to
improve the behavior of the whole structure.
A special Level-1 computer code ISOLCS (Imperfection Sensitivity of Laminated Conical Shells) had been developed.
ISOLCS calculates the classical buckling load and the imperfection sensitivity via Koiter’s theory of laminated conical
shells with consideration to the variation of the material properties in the shell’s coordinates. The range of validity of
the Level-1 predictions by ISOLCS is veriﬁed by the Level-3 code STAGS-A.
 2006 Elsevier Ltd. All rights reserved.
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Composite laminated conical shells are widely used in aeronautic, marine and civil engineering structures.
They are usually used as a connection between two cylindrical shells with diﬀerent diameters. Shell structures
belong to the thin-wall structure family, which are very sensitive to imperfection, and their sensitivity depends
on the geometry of the shell, its mechanical properties and on the external loading. One of the main goals, in
this ﬁeld, is to identify the various parameters that inﬂuence the shell’s imperfection sensitivity, which allow
the designer to improve the behavior of the whole structure.
Unlike isotropic conical shells or laminated cylindrical shells, in the case of laminated conical shells the
thickness and the material properties vary with the shell coordinates, which ultimately results in coordinate
dependence of the stiﬀness matrices (A, B and D). This eﬀect complicates the problem considerably. The ﬁrst0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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exhaustive study of the stiﬀness functions and their dependence on the geometry of the cone has been per-
formed by Baruch et al. (1992). The second level of complexity is associated with the introduction of coor-
dinate dependent stiﬀness matrices into the mathematical model and the solution of the resulting system of
nonlinear governing partial diﬀerential equations with variable coeﬃcients. To avoid these obstacles, in most
investigation reported in the literature, the stiﬀness coeﬃcients are assumed constant. Based on the model
developed by Baruch et al. (1992), Goldfeld and Arbocz (2004) calculated the buckling load of laminated
conical shells with consideration to the variation of the material properties in the coordinates using the com-
puter code STAGS-A (Structural Analysis of General Shells). Since the major drawback of this computer
codes or any other commercial computer code is the high computational cost involved with the calculation
of shell’s behavior, a hierarchical high-ﬁdelity analysis procedure was adopted, Goldfeld and Arbocz (in
press), and a special computer code was written, BOLCS (Buckling Of Laminated Conical Shells), which
reduces the computational cost of the buckling load by 95% comparing to STAGS-A. In order to validate
the various approximation reported in the literature a comparison between the ‘‘exact’’ buckling load
obtained by solution with variable stiﬀness coeﬃcients, and solutions derived by assuming constant stiﬀness
taken from diﬀerent cross-section along the axial direction, had been performed in their work (Goldfeld and
Arbocz, 2004). A good estimation to the ‘‘exact’’ buckling load was found by considering nominal material
properties taken from the mid-length of the shell. However, even though the buckling loads were in a fair
agreement, the buckling modes were quite diﬀerent. The diﬀerence in the buckling mode aﬀects the post-
buckling behavior of the shell, and as a result it aﬀects the imperfection sensitivity of the shell. This must
be taken into consideration when laminated conical shells are designed under the assumption that the stiﬀ-
ness coeﬃcients are constant. One of the main goals of this work is to investigate the inﬂuence of the com-
mon assumption – considering constant material properties, on the characteristic behavior of the conical
shell.
There are two diﬀerent main approaches in investigating the shells behavior: (1) Tracing the entire non-
linear equilibrium path with emphasis on the level and direction of change of the stiﬀness during loading.
This approach is complicated and entails a heavy computational eﬀort. (2) Parametric study of the shell in
terms of its sensitivity to imperfections and its rating according to this criterion. This approach was orig-
inally suggested by Koiter (1945) and it gives qualitative information rather than quantitative information
on the characteristic buckling behavior of the shell. Many research workers have investigated the imperfec-
tion sensitivity of cylindrical shells. For the imperfection sensitivity of conical shell the number of works is
very limited. Among them, are those of Goldfeld et al. (2003) for isotropic conical shell. The conical shell
can be considered as a representative of the entire range of sensitivities. That is, from the very sensitive
cylindrical shells to the not sensitive at all annular plate. Zhang (1993) and Zhang and Arbocz (1993) have
investigated the initial post-buckling behavior and the imperfection sensitivity of anisotropic conical shells.
The inﬂuence of the variation of the material properties with the shell’s coordinates was investigated. How-
ever, due to the signiﬁcant complexity involved with analysis of the buckling load and imperfection sensi-
tivity of such laminated conical shells, they omitted the inﬂuence of the stiﬀness variation and used nominal
values instead. Their research work is also limited to Donnell’s theory. As far as the author knows, the
initial post-buckling behavior and the imperfection sensitivity of laminated conical shells taking into
account the variation of the material properties with the shell’s coordinates has not been investigated, as
yet.
The solution of shell structures by linear theory has been widely investigated, see for example, Love (1944)
and Donnell (1933). However, in many problems such as large deformations and rotations; loss of stability;
load–displacement relations; etc., the nonlinear eﬀect is most signiﬁcant and must be accounted for. Therefore,
such a geometric nonlinear theory must be developed. The nonlinear behavior of shell structures has been
studied through a broad range of nonlinear shell theories. Most of them assume large displacements and mod-
erate rotations, such as Timoshenko and Gere (1961), Flugge (1973) and Sanders (1963), and diﬀer by the
kinematic assumptions used. Comparison of diﬀerent shell theories for buckling behavior of cylindrical shell
(see Sheinman and Goldfeld, 2001), for nonlinear behavior (see Simitses et al., 1985a,b), and for the imperfec-
tion sensitivity of laminated cylindrical shell (see Sheinman and Goldfeld, 2003) shows pronounced discrep-
ancies depending on the shell aspect ratio. Hence, one of the objectives of this research is to investigate the
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ers’ (1963) and Timoshenko and Gere’s (1961) shell theories. Furthermore, to date, for laminated conical shell,
the validity of the diﬀerent shell theories has not been investigated, as yet.
This work presents a quantitative study of the imperfection sensitivity of laminated conical shells by con-
sideration of the variation of the stiﬀness coeﬃcients and their dependence on the shell’s coordinate. Investi-
gation is made within the framework of Koiter’s general theory of post-buckling behavior. The calculations
provide a measure of the extent to which the shells are sensitive or insensitive to imperfections in their shape
and thus indicate to what extent the classical buckling load predictions can be considered reliable.
The nonlinear equilibrium diﬀerential equations for the three theories are derived from the basis of their
kinematic approach, using the displacement components (axial (u), circumferential (v) and normal (w)) as
the unknown dependent variables. The asymptotic technique is used to convert the nonlinear equations into
three linear sets. These equations are solved through expansion of the dependent variables in Fourier series in
the circumferential direction and in ﬁnite diﬀerences in the axial direction. Afterwards the Galerkin procedure
is used to minimize the error due to the truncated form of the series. For the sake of completeness, some parts
of the procedure are brieﬂy repeated. A special computer code was developed and used for a wide range of
parametric study of buckling and sensitivity behavior of laminated conical shells.
2. Governing equation
This solution procedure has been used before by Goldfeld et al. (2003) for isotropic conical shells, and by
Goldfeld and Arbocz (in press) for the buckling of laminated conical shell. For the imperfection sensitivity of
anisotropic cones some additional complications occur.
2.1. Kinematics relation – Donnel’s, Sanders’ and Timoshenko’s shell theories
The strain–displacement relation can be written asfeg ¼ fe0g þ zfvg ð1Þ
where {e0} and {v} are, respectively, the strain and change-of-curvature vectors of the reference surface, com-
posed as follows, see Goldfeld et al. (2003):e0xx ¼ u;x þ
1
2
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ð3Þwhere ( ),x and ( ),h denote the derivatives with respect to the axial (x) and circumferential (h) coordinate,
respectively; r(x) is the radius at the x-coordinate (see Fig. 1), and d1 and d2 are introduced for representing
the speciﬁc shell theories, (d1 = d2 = 0 for Donnell’s (1933), d1 = 1 and d2 = 0 for Sanders’ (1963), d1 = d2 = 1
for Timoshenko and Gere’s (1961)). The Timoshenko approach contains some additional terms but the most
dominant one is due to d2 = 1, especially under axial compression. Furthermore, the terms of d2 in c0xh are
θβ
x
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Fig. 1. Geometry and sign convention for coordinates and the position of a ﬁber on a conical shell.
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both terms will be neglected and Timoshenko’s theory is considered only for axial compression load case,
where the term in e0xx is dominant.
It was found, see Goldfeld et al. (2003), that for isotropic conical shell the diﬀerence between diﬀerent shell
theories was in the deformation shape of the buckling mode while the buckling loads were almost the same.
For laminated cylindrical shell Sheinman and Goldfeld (2004) found that the chosen shell’s theory has a major
inﬂuence on the calculation of the buckling loads and on the imperfection sensitivity parameter. Therefore,
investigation of the accuracy of the shell’s theories for laminated conical shells will also be considered.
2.2. Constitutive equations – laminated conical shells
In the present work, a laminated conical shell, made by means of a horizontal helical ﬁlament winding
machine and a conical shell mandrel, will be considered. During the ﬁlament winding process, a single ﬁber
tow runs repeatedly from one pole to the other to form one over-and-under woven fabric layer, which can
be approximated as two single plies with ﬁbers equally distributed in both directions, i.e., ±b. In the winding
process any ﬁber brings with itself the same amount of matrix. This means that in the direction of the ﬁber the
volume fraction of the ﬁber and matrix are kept constant. The assumption in this work is that there is no
friction between the ﬁbers and the surface of the mandrel so that the orientation of the ﬁbers is deﬁned by
a geodesic path (the shortest distance between two points on a surface).
Using a geodesic path to represent the ﬁber orientation leads to the following eﬀects, see Baruch et al.
(1992), and Goldfeld and Arbocz (2004):
• Variable ply angle along the axial coordinate (constant in the circumferential direction), the ply angle being
larger at the small end:bðiÞðxÞ ¼ arcsin r1 sin a
xþ r1 sin a sin b
ðiÞ
1
 
ð4Þwhere b(i) is the ﬁber orientation of the (i)th ply, bðiÞ1 is the ply orientation at the small end of the shell, x is
the longitudinal coordinate in the cone surface, see Fig. 1. The higher the ply angle at the small end the
more rapid the change along the longitudinal coordinate.
Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241 1225• Variable thickness t(i) for each layer along the axial coordinate (constant in the circumferential direction):tðiÞðxÞ ¼ tðiÞ1
r1 sin a cos b
ðiÞ
1
ðxþ r1 sin aÞ cos bðiÞ
ð5Þwhere tðiÞ1 is the thickness of the layer at the small end. Since the volume of the ﬁber across each speciﬁc
cross-section along the axial direction must remain constant, the thickness of each layer at the small end
is larger than that at the large end.
Under the classical laminate theory, Jones (1975) and Whitney (1987), the constitutive equation readsN
M
 
¼ A B
B D
 
e0
v
 
ð6Þwhere {N}T = {Nxx,Nhh,Nxh} and {M}
T = {Mxx,Mhh,Mxh} are the force and moment resultants vectors,
fe0gT ¼ fe0xx; e0hh; e0xhg and {v}T = {vxx,vhh,vxh} are the strain at the reference surface and the change of curva-
ture and twist of the middle surface, respectively. The coeﬃcients of the elastic stiﬀness matrix are given byA ¼
Xn
k¼1
½Qkðtk  tk1Þ
B ¼ 1
2
Xn
k¼1
½Qkðt2k  t2k1Þ
D ¼ 1
3
Xn
k¼1
½Qkðt3k  t3k1Þ
ð7ÞA, B and D are, respectively, the membrane, coupling and ﬂexural rigidities, and Q the laminate transformed
reduced stiﬀness matrix of the kth layer. The winding angle b of a conical shell depends on the winding process
and it is a function of the longitudinal coordinate x, Eq. (4), which ultimately inﬂuences the Q matrix. Fur-
thermore, thickness of a lamina also changes in the longitudinal direction, Eq. (5). Therefore, the [A], [B] and
[D] matrices are strong functions of x.
2.3. Equilibrium equations
The nonlinear equilibrium equations and the appropriate boundary conditions are derived on the basis of
the stationary potential energy criterion. For a laminated conical shell under general loading its potential
energy can be written asp ¼ 1
2
I
h
Z
x
½Nxxe0xx þ N hhe0hh þ Nxhc0xh þMxxvxx þMhhvhh þ 2Mxhvxhdxdh

I
h
Z
x
ðquuþ qvvþ qwwÞdxdh
I
h
ðNxxuþ Nxhvþ QwþMxxw;xÞdh

x¼l
x¼0
ð8Þwhere qu, qv and qw are the external distributed loading in the axial, circumferential and normal directions,
respectively. Nxx;Nxh;Q andMxx are, respectively, the axial, torsional, shearing forces and the bending moment
through the boundaries.
Substituting the constitutive equation (6) and the strain–displacement relations Eq. (1) into Eq. (8) and
regrouping yields the following expression for the potential energyp ¼
I
h
Z
x
F ðu; u;x; u;h; v; v;x; v;h;w;w;x;w;h;w;xx;w;hh;w;xhÞdxdh ð9ÞFor equilibrium the potential energy p must be stationary; that is, its ﬁrst variation dp must equal zero.
Accordingly, the integrand F must satisfy the corresponding Euler equations of the calculus of variation. Car-
rying out the details yields the following three nonlinear equilibrium equations:
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ð11ÞIn (10b), d3 is a corrector or factor introduced for the external pressure load case, (see Simitses, 1986; Goldfeld
et al., 2003). If the load remains normal to the deﬂected reference axis, d1 = d3 = 1. If the load remains parallel
to its original direction, d1 = 0.
Using Eqs. (2), (3) and (6) the equilibrium equations in terms of the displacement function, readL½1h ðwÞ þ L½1q ðvÞ þ L½1e ðuÞ þ LL½1g ðw;wÞ þ LL½1m ðv; vÞ þ LL½1n ðw; vÞ þ qu ¼ 0
L½2h ðwÞ þ L½2q ðvÞ þ L½2e ðuÞ þ LL½2g ðw;wÞ þ LL½2m ðv; vÞ þ LL½2n ðw; vÞ þ LL½2s ðw; uÞ
þ LL½2t ðu; vÞ þ LLL½2p ðw; v;wÞ þ LLL½2f ðv;w; vÞ þ LLL½2l ðv; v; vÞ þ LLL½2y ðw;w;wÞ þ qv ¼ 0
L½3h ðwÞ þ L½3q ðvÞ þ L½3e ðuÞ þ LL½3g ðw;wÞ þ LL½3n ðw; vÞ þ LL½3s ðw; uÞ þ LLL½3y ðw;w;wÞ
þ d1LL½3m ðv; vÞ þ LL½3t ðu; vÞ þ LLL½3p ðw; v;wÞ þ LLL½3f ðv;w; vÞ þ LLL½3l ðv; v; vÞ þ qw ¼ 0
ð12ÞL[e], LL[e] and LLL[e], [e] = 1, 2, 3, are respectively linear, quadratic and cubic diﬀerential operators having
variable coeﬃcients. They are given, see Sheinman and Goldfeld (2001) byL½ep ðSÞ ¼
X4
i¼0
X4i
j¼0
p½eij
oðiþjÞS
oxðiÞohðjÞ
; p ¼ h; q; e
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X3
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ð13Þi¼0 j¼0 ‘¼0 k¼0 m¼0 n¼0
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½e
ijk‘ and p
½e
ijk‘mn are respectively the coeﬃcients of the elastic parameters. They are functions of Aij(x),
Bij(x), Dij (x), of the radius r(x) and of d1, d2 and d3, S and T are symbolic variables assigned to u, v and w.
Therefore, the coeﬃcients p½eij ; p
½e
ijk‘ and p
½e
ijk‘mn are strong functions of the axial coordinate (x), and Eq. (12) rep-
resent a set of nonlinear governing partial diﬀerential equations with variable coeﬃcients.
The boundary conditions in terms of the displacement functions areL½1beðuÞ þ L½1bqðvÞ þ L½1bhðwÞ þ LL½1bgðw;wÞ þ LL½1bmðv; vÞ þ LL½1bnðw; vÞ ¼ Nxx or u ¼ u
L½2beðuÞ þ L½2bqðvÞ þ L½2bhðwÞ þ L½2bgðw;wÞ þ LL½2bmðv; vÞ þ LL½2bnðw; vÞ þ LL½2bmðv; vÞ þ LL½2btðu; vÞ
þ LLL½2blðv; v; vÞ þ LLL½2bf ðv;w; vÞ þ LLL½2bpðw; v;wÞ ¼ Nxh or v ¼ v
L½3beðuÞ þ L½3bqðvÞ þ L½3bhðwÞ þ LL½3bgðw;wÞ þ LL½3bsðw; uÞ þ LL½3bnðw; vÞ þ LLL½3byðw;w;wÞ
þ LLbmðv; vÞ½3 þ LL½3btðu; vÞ þ LLL½3bpðw; v;wÞ þ LLL½3bf ðv;w; vÞ ¼ Q or w ¼ w
L½4beðuÞ þ L½4bqðvÞ þ L½4bhðwÞ þ LL½4bgðw;wÞ þ LL½4bmðv; vÞ þ LL½4bnðw; vÞ ¼ Mxx or w;x ¼ w;x
ð14Þ2.4. Imperfection sensitivity analysis
In Koiter’s general theory of elastic stability (Koiter, 1945) the imperfection sensitivity of a structure is clo-
sely related to its initial post-buckling behavior and the theory is exact in the asymptotic sense. As can be seen
from Fig. 2 the shape of the secondary equilibrium path plays a central role in determining the inﬂuence of
initial imperfections. When the initial portion of the secondary path has a positive curvature (see Fig. 2a)
the structure can develop considerable post-buckling strength, and loss of stability of the primary path does
not result in structural collapse. However, when the initial portion of the secondary path has a negative cur-
vature (see Fig. 2b), then in most cases buckling will occur violently and the magnitude of the critical load is
subject to the degrading inﬂuence of initial imperfections.
The classical buckling load of the perfect structure is denoted by kc, and in all cases considered here it is the
load at which a nonaxisymmetric bifurcation from the pre-buckling state occurs.
Assuming that the eigenvalue problem for the buckling load kc will yield a unique buckling mode u, a solu-
tion to be valid in the initial post-buckling regime, is sought in the form of the following asymptotic expansion:k
kc
¼ 1þ anþ bn2 þ   
u
v
w
8><
>:
9>=
>; ¼
uð0Þ
vð0Þ
wð0Þ
8><
>:
9>=
>;þ n
uð1Þ
vð1Þ
wð1Þ
8><
>:
9>=
>;þ n2
uð2Þ
vð2Þ
wð2Þ
8><
>:
9>=
>;þ   
ð15Þwhere k is the load parameter deviating from the bifurcation buckling load kc and n is the amplitude of the
buckling mode. The superscripts ‘‘(0), (1) and (2)’’ denote the pre-buckling, buckling and post-buckling state,
respectively.λ λ c λ λ c
ξ ξ
Imperfect shell
Perfect shell
Bifurcation point
Limit point
a b
Fig. 2. Equilibrium paths for perfect and imperfect shells.
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equations for the functions appearing in the expansions, whereby the operators used becomeLðSÞ ¼ LðSð0ÞÞ þ nLðSð1ÞÞ þ n2LðSð2ÞÞ
LLðS; T Þ ¼ LLðSð0Þ; T ð0ÞÞ þ n½LLðSð0Þ; T ð1ÞÞ þ LLðSð1Þ; T ð0ÞÞ
þ n2½LLðSð0Þ; T ð2ÞÞ þ LLðSð2Þ; T ð0ÞÞ þ LLðSð1Þ; T ð1ÞÞ
LLLðS; T ; SÞ ¼ LLLðSð0Þ; T ð0Þ; Sð0ÞÞ
þ n½LLLðSð0Þ; T ð0Þ; Sð1ÞÞ þ LLLðSð0Þ; T ð1Þ; Sð0ÞÞ þ LLLðSð1Þ; T ð0Þ; Sð0ÞÞ
þ n2½LLLðSð0Þ; T ð0Þ; Sð2ÞÞ þ LLLðSð0Þ; T ð2Þ; Sð0ÞÞ þ LLLðSð2Þ; T ð0Þ; Sð0ÞÞ
þ LLLðSð0Þ; T ð1Þ; Sð1ÞÞ þ LLLðSð1Þ; T ð0Þ; Sð1ÞÞ þ LLLðSð1Þ; T ð1Þ; Sð0ÞÞ
ð16ÞThe zeroth-order terms yield the partial diﬀerential equations of the pre-buckling stateL½eðSð0ÞÞ þ LL½eðSð0Þ; T ð0ÞÞ þ LLL½eðSð0Þ; T ð0Þ; Sð0ÞÞ ¼ P ½e; e ¼ 1; 2; 3 ð17Þ
The ﬁrst-order terms yield the partial diﬀerential equations of the buckling stateL½eðSð1ÞÞ þ ½LL½eðSð0Þ; T ð1ÞÞ þ LL½eðSð1Þ; T ð0ÞÞ þ ½LLL½eðSð1Þ; T ð0Þ; Sð0ÞÞ þ LLL½eðSð0Þ; T ð1Þ; Sð0ÞÞ
þ LLL½eðSð0Þ; T ð0Þ; Sð1ÞÞ ¼ 0; e ¼ 1; 2; 3 ð18ÞFinally, the second-order terms yield the partial diﬀerential equations of the post-buckling stateL½eðSð2ÞÞ þ LL½eðSð0Þ; T ð2ÞÞ þ LL½eðSð2Þ; T ð0ÞÞ þ LLL½eðSð2Þ; T ð0Þ; Sð0ÞÞ þ LLL½eðSð0Þ; T ð2Þ; Sð0ÞÞ
þ LLL½eðSð0Þ; T ð0Þ; Sð2ÞÞ ¼ RHS½e; e ¼ 1; 2; 3 ð19Þwhere the forcing function isRHS½e ¼ LL½eðSð1Þ;T ð1ÞÞ þ LLL½eðSð1Þ;T ð1Þ;Sð0ÞÞ þ LLL½eðSð0Þ;T ð1Þ;Sð1ÞÞ þ LLL½eðSð1Þ;T ð0Þ;Sð1ÞÞ; e¼ 1;2;3
ð20ÞNotice that the sum of the indices of the pre-buckling operators is zero, those of the buckling operators is one,
and that of the post-buckling operators is two.
The nonlinear solution of the pre-buckling state, Eq. (17), should be performed by an adequate numerical
procedure which ultimately yields a limit point. In order to simplify the problem the solution procedure of the
pre-buckling state is performed by ignoring the nonlinear terms and solving only the linear part of Eq. (17), that
isL[e](S(0)) = P[e]. The applied loading P[e] consists of axial compression, internal or external pressure and clock-
wise or counter-clockwise torque. It is assumed to have a uniform spatial distribution and is divided into a ﬁxed
part and a variable part. The magnitude of the variable part is allowed to vary in proportion to a load parameter
k. This leads to an eigenvalue problem for the critical load kc. Neglecting the nonlinear deformation, that is essen-
tially using linear pre-buckling solution, the equations governing the buckling state, Eq. (18), becomeL½eðSð1ÞÞ þ kc½LL½eðSð0Þ; T ð1ÞÞ þ LL½eðSð1Þ; T ð0ÞÞ ¼ 0; e ¼ 1; 2; 3 ð21Þ
where kc corresponds to the bifurcation buckling load. These equations admit separable solutions of the formuðx; hÞ ¼
X2Nu
m¼0
umðxÞgmðhÞ
vðx; hÞ ¼
X2Nv
m¼0
vmðxÞgmðhÞ
wðx; hÞ ¼
X2Nw
m¼0
wmðxÞgmðhÞ
ð22Þwhere 2Nu, 2Nv and 2Nw are the numbers of retained terms in the relevant truncated Fourier series, and
Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241 1229gmðhÞ ¼
cos imh m ¼ 0; 1; 2; 3; . . . ;N 3
sin imh m ¼ N 3 þ 1; . . . ; 2N 3

ð23ÞHere, i denotes the characteristic circumferential wave number. N3 = Nu, or =Nv, or =Nw according to the
equation number.
The h-dependence is eliminated by applying Galerkin’s procedure. A central ﬁnite diﬀerence scheme is used
to reduce the ordinary diﬀerential equations to the following algebraic ones:
For the pre-buckling state,½KfZð0Þg ¼ fPg ð24Þ
and for the buckling state,f½K þ k½GgfZð1Þg ¼ 0 ð25Þ
where K and G are the stiﬀness and geometry matrices respectively, Z(0) and Z(1)are unknown vectors consist-
ing of u, v, w, u,xx, v,xx and w,xx for the pre-buckling state and the buckling state, respectively. Eq. (25) is an
eigenvalue problem in which k represents the buckling load parameters and Z the buckling mode.
Using a linear pre-buckling analysis the equations governing the post-buckling state becomeL½eðSð2ÞÞ þ kc½LL½eðSð0Þ; T ð2ÞÞ þ LL½eðSð2Þ; T ð0ÞÞ þ k2c ½LLL½eðSð2Þ; T ð0Þ; Sð0ÞÞ þ LLL½eðSð0Þ; T ð2Þ; Sð0ÞÞ
þ LLL½eðSð0Þ; T ð0Þ; Sð2ÞÞ ¼ RHS½e; e ¼ 1; 2; 3 ð26Þwhere the forcing function isRHS½e ¼ LL½eðSð1Þ; T ð1ÞÞ þ kc½LLL½eðSð1Þ; T ð1Þ; Sð0ÞÞ þ LLL½eðSð0Þ; T ð1Þ; Sð1ÞÞ
þ LLL½eðSð1Þ; T ð0Þ; Sð1ÞÞ; e ¼ 1; 2; 3 ð27ÞL[e], LL[e], LLL[e], S and T are per Eqs. (12) and (13). The post-buckling-state (second-order terms) w(2), v(2)
and u(2) are obtained from the solution of the set of three inhomogeneous linear partial diﬀerential equations
with the associated boundary conditions.
The three equilibrium equations and the four boundary conditions for the post-buckling state are given in
detail as follows:L½1h ðwð2ÞÞ þ L½1q ðvð2ÞÞ þ L½1e ðuð2ÞÞ þ kc½2LL½1g ðwð2Þ;wð0ÞÞ þ 2LL½1m ðvð2Þ; vð0ÞÞ
þ LL½1n ðwð0Þ; vð2ÞÞ þ LL½1n ðwð2Þ; vð0ÞÞ ¼ LL½1g ðwð1Þ;wð1ÞÞ þ LL½1m ðvð1Þ; vð1ÞÞ þ LL½1n ðwð1Þ; vð1ÞÞ
L½2h ðwð2ÞÞ þ L½2q ðvð2ÞÞ þ L½2e ðuð2ÞÞ þ kc½2LL½2g ðwð2Þ;wð0ÞÞ þ 2LL½2m ðvð2Þ; vð0ÞÞ þ LL½2n ðwð0Þ; vð2ÞÞ
þ LL½2n ðwð2Þ; vð0ÞÞ þ LL½2s ðwð0Þ; uð2ÞÞ þ LL½2s ðwð2Þ; uð0ÞÞ þ LL½2t ðuð0Þ; vð2ÞÞ þ LL½2t ðuð2Þ; vð0ÞÞ
þ k2c ½LLL½2p ðwð0Þ; vð0Þ;wð2ÞÞ þ LLL½2p ðwð0Þ; vð2Þ;wð0ÞÞ þ LLL½2p ðwð2Þ; vð0Þ;wð0ÞÞ
þ LLL½2f ðvð0Þ;wð0Þ; vð2ÞÞ þ LLL½2f ðvð0Þ;wð2Þ; vð0ÞÞ þ LLL½2f ðvð2Þ;wð0Þ; vð0ÞÞ
þ LLL½2l ðvð0Þ; vð0Þ; vð2ÞÞ þ LLL½2l ðvð0Þ; vð2Þ; vð0ÞÞ þ LLL½2l ðvð2Þ; vð0Þ; vð0ÞÞ
þ LLL½2y ðwð0Þ;wð0Þ;wð2ÞÞ þ LLL½2y ðwð0Þ;wð2Þ;wð0ÞÞ þ LLL½2y ðwð2Þ;wð0Þ;wð0ÞÞ
¼ LL½2g ðwð1Þ;wð1ÞÞ þ LL½2m ðvð1Þ; vð1ÞÞ þ LL½2n ðwð1Þ; vð1ÞÞ þ LL½2s ðwð1Þ; uð1ÞÞ þ LL½2t ðuð1Þ; vð1ÞÞ
þ kc½LLL½2p ðwð1Þ; vð1Þ;wð0ÞÞ þ LLL½2p ðwð0Þ; vð1Þ;wð1ÞÞ þ LLL½2p ðwð1Þ; vð0Þ;wð1ÞÞ
þ LLL½2f ðvð1Þ;wð1Þ; vð0ÞÞ þ LLL½2f ðvð0Þ;wð1Þ; vð1ÞÞ þ LLL½2f ðvð1Þ;wð0Þ; vð1ÞÞ
þ LLL½2l ðvð1Þ; vð1Þ; vð0ÞÞ þ LLL½2l ðvð0Þ; vð1Þ; vð1ÞÞ þ LLL½2l ðvð1Þ; vð0Þ; vð1ÞÞ
þ LLL½2y ðwð1Þ;wð1Þ;wð0ÞÞ þ LLL½2y ðwð0Þ;wð1Þ;wð1ÞÞ þ LLL½2y ðwð1Þ;wð0Þ;wð1ÞÞ
1230 Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241L½3h ðwð2ÞÞ þ L½3q ðvð2ÞÞ þ L½3e ðuð2ÞÞ þ kc½2LL½3g ðwð2Þ;wð0ÞÞ þ 2LL½3m ðvð2Þ; vð0ÞÞ þ LL½3n ðwð0Þ; vð2ÞÞ
þ LL½3n ðwð2Þ; vð0ÞÞ þ LL½3s ðwð0Þ; uð2ÞÞ þ LL½3s ðwð2Þ; uð0ÞÞ þ LL3t ðuð0Þ; vð2ÞÞ þ LL½3t ðuð2Þ; vð0ÞÞ
þ k2c ½LLL½3p ðwð0Þ; vð0Þ;wð2ÞÞ þ LLL½3p ðwð0Þ; vð2Þ;wð0ÞÞ þ LLL½3p ðwð2Þ; vð0Þ;wð0ÞÞ
þ LLL½3f ðvð0Þ;wð0Þ; vð2ÞÞ þ LLL½3f ðvð0Þ;wð2Þ; vð0ÞÞ þ LLL½3f ðvð2Þ;wð0Þ; vð0ÞÞ
þ LLL½3l ðvð0Þ; vð0Þ; vð2ÞÞ þ LLL½3l ðvð0Þ; vð2Þ; vð0ÞÞ þ LLL½3l ðvð2Þ; vð0Þ; vð0ÞÞ
þ LLL½3y ðwð0Þ;wð0Þ;wð2ÞÞ þ LLL½3y ðwð0Þ;wð2Þ;wð0ÞÞ þ LLL½3y ðwð2Þ;wð0Þ;wð0ÞÞ
¼ LL½3g ðwð1Þ;wð1ÞÞ þ LL½3m ðvð1Þ; vð1ÞÞ þ LL½3n ðwð1Þ; vð1ÞÞ þ LL½3s ðwð1Þ; uð1ÞÞ þ LL½3t ðuð1Þ; vð1ÞÞ
þ kc½LLL½3p ðwð1Þ; vð1Þ;wð0ÞÞ þ LLL½3p ðwð0Þ; vð1Þ;wð1ÞÞ þ LLL½3p ðwð1Þ; vð0Þ;wð1ÞÞ
þ LLL½3f ðvð1Þ;wð1Þ; vð0ÞÞ þ LLL½3f ðvð0Þ;wð1Þ; vð1ÞÞ þ LLL½3f ðvð1Þ;wð0Þ; vð1ÞÞ
þ LLL½3l ðvð1Þ; vð1Þ; vð0ÞÞ þ LLL½3l ðvð0Þ; vð1Þ; vð1ÞÞ þ LLL½3l ðvð1Þ; vð0Þ; vð1ÞÞ
þ LLL½3y ðwð1Þ;wð1Þ;wð0ÞÞ þ LLL½3y ðwð0Þ;wð1Þ;wð1ÞÞ þ LLL½3y ðwð1Þ;wð0Þ;wð1ÞÞ ð28ÞWith the following boundary conditions:L½1bhðwð2ÞÞ þ L½1bqðvð2ÞÞ þ L½1beðuð2ÞÞ þ kc½2LL½1bgðwð2Þ;wð0ÞÞ þ 2LL½1bmðvð2Þ; vð0ÞÞ þ LL½1bnðwð2Þ; vð0ÞÞ
þ LL½1bnðwð0Þ; vð2ÞÞ ¼ LL½1bgðwð1Þ;wð1ÞÞ þ LL½1bmðvð1Þ; vð1ÞÞ þ LL½1bnðwð1Þ; vð1ÞÞ or uð2Þ ¼ u
L½2bhðwð2ÞÞ þ L½2bqðvð2ÞÞ þ L½2beðuð2ÞÞ þ kc½2LL½2bgðwð2Þ;wð0ÞÞ þ 2LL½2bmðvð2Þ; vð0ÞÞ þ LL½2bnðwð0Þ; vð2ÞÞ
þ LL½2bnðwð2Þ; vð0ÞÞ þ LL½2btðuð0Þ; vð2ÞÞ þ LL½2btðuð2Þ; vð0ÞÞ þ k2c ½LLL½2bpðwð0Þ; vð0Þ;wð2ÞÞ
þ LLL½2bpðwð0Þ; vð2Þ;wð0ÞÞ þ LLL½2bpðwð2Þ; vð0Þ;wð0ÞÞ þ LLL½2bf ðvð0Þ;wð0Þ; vð2ÞÞ
þ LLL½2bf ðvð0Þ;wð2Þ; vð0ÞÞ þ LLL½2bf ðvð2Þ;wð0Þ; vð0ÞÞ þ LLL½2blðvð0Þ; vð0Þ; vð2ÞÞ þ LLL½2blðvð0Þ; vð2Þ; vð0ÞÞ
þ LLL½2blðvð2Þ; vð0Þ; vð0ÞÞ ¼ LL½2bgðwð1Þ;wð1ÞÞ þ LL½2bmðvð1Þ; vð1ÞÞ þ LL½2bnðwð1Þ; vð1ÞÞ þ LL½2btðuð1Þ; vð1ÞÞ
þ kc½LLL½2bpðwð1Þ; vð1Þ;wð0ÞÞ þ LLL½2bpðwð0Þ; vð1Þ;wð1ÞÞ
þ LLL½2bpðwð1Þ; vð0Þ;wð1ÞÞ þ LLL½2bf ðvð1Þ;wð1Þ; vð0ÞÞ þ LLL½2bf ðvð0Þ;wð1Þ; vð1ÞÞ þ LLL½2bf ðvð1Þ;wð0Þ; vð1ÞÞ
þ LLL½2blðvð1Þ; vð1Þ; vð0ÞÞ þ LLL½2blðvð0Þ; vð1Þ; vð1ÞÞ þ LLL½2blðvð1Þ; vð0Þ; vð1ÞÞ or vð2Þ ¼ v
L½3bhðwð2ÞÞ þ L½3bqðvð2ÞÞ þ L½3beðuð2ÞÞ þ kc½2LL½3bgðwð2Þ;wð0ÞÞ þ 2LL½3bmðvð2Þ; vð0ÞÞ þ LL½3bnðwð0Þ; vð2ÞÞ
þ LL½3bnðwð2Þ; vð0ÞÞ þ LL½3bsðwð0Þ;uð2ÞÞ þ LL½3bsðwð2Þ;uð0ÞÞ þ LL½3btðuð0Þ; vð2ÞÞ þ LL½3btðuð2Þ; vð0ÞÞ
þ k2c ½LLL½3bpðwð0Þ; vð0Þ;wð2ÞÞ þ LLL½3bpðwð0Þ; vð2Þ;wð0ÞÞ þ LLL½3bpðwð2Þ; vð0Þ;wð0ÞÞ
þ LLL½3bf ðvð0Þ;wð0Þ; vð2ÞÞ þ LLL½3bf ðvð0Þ;wð2Þ; vð0ÞÞ þ LLL½3bf ðvð2Þ;wð0Þ; vð0ÞÞ þ LLL½3blðvð0Þ; vð0Þ; vð2ÞÞ
þ LLL½3blðvð0Þ; vð2Þ; vð0ÞÞ þ LLL½3blðvð2Þ; vð0Þ; vð0ÞÞ þ LLL½3byðwð0Þ;wð0Þ;wð2ÞÞ
þ LLL½3byðwð0Þ;wð2Þ;wð0ÞÞ þ LLL½3byðwð2Þ;wð0Þ;wð0ÞÞ
¼ LL½3bgðwð1Þ;wð1ÞÞ þ LL½3bmðvð1Þ; vð1ÞÞ
þ LL½3bnðwð1Þ; vð1ÞÞ þ LL½3bsðwð1Þ;uð1ÞÞ þ LL½3btðuð1Þ; vð1ÞÞ
þ kc½LLL½3bpðwð1Þ; vð1Þ;wð0ÞÞ þ LLL½3bpðwð0Þ; vð1Þ;wð1ÞÞ þ LLL½3bpðwð1Þ; vð0Þ;wð1ÞÞ
þ LLL½3bf ðvð1Þ;wð1Þ; vð0ÞÞ þ LLL½3bf ðvð0Þ;wð1Þ; vð1ÞÞ þ LLL½3bf ðvð1Þ;wð0Þ; vð1ÞÞ
þ LLL½3blðvð1Þ; vð1Þ; vð0ÞÞ þ LLL½3blðvð0Þ; vð1Þ; vð1ÞÞ þ LLL½3blðvð1Þ; vð0Þ; vð1ÞÞ þ LLL½3byðwð1Þ;wð1Þ;wð0ÞÞ
þ LLL½3byðwð0Þ;wð1Þ;wð1ÞÞ þ LLL½3byðwð1Þ;wð0Þ;wð1ÞÞ or w¼ w
L½4bhðwð2ÞÞ þ L½4bqðvð2ÞÞ þ L½4beðuð2ÞÞ þ kc½2LL½4bgðwð2Þ;wð0ÞÞ þ 2LL½4bmðvð2Þ; vð0ÞÞ þ LL½4bnðwð2Þ; vð0ÞÞ þ LL½4bnðwð0Þ; vð2ÞÞ
¼ LL½4bgðwð1Þ;wð1ÞÞ þ LL½4bmðvð1Þ; vð1ÞÞ þ LL½4bnðwð1Þ; vð1ÞÞ or w;x ¼ w;x
ð29Þ
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(29). Since RHS[e] represents the quadratic level of the known buckling mode, the post-buckling state obvi-
ously depends on c2, c being the scalar by which the buckling mode is normalized.
These equations admit separable solutions of the formuð2Þðx; hÞ ¼
X2Nu
m¼0
uð2Þm ðxÞgmðhÞ
vð2Þðx; hÞ ¼
X2Nv
m¼0
vð2Þm ðxÞgmðhÞ
wð2Þðx; hÞ ¼
X2Nw
m¼0
wð2Þm ðxÞgmðhÞ
ð30Þwhere 2Nu, 2Nv and 2Nw are the numbers of retained terms in the relevant truncated Fourier series. In the
post-buckling state the circumferential wave number is characterized by twice the circumferential wave num-
ber of the buckling state, thereforegmðhÞ ¼
cos 2imh m ¼ 0; 1; 2; 3; . . . ;N 3
sin 2imh m ¼ N 3 þ 1; . . . ; 2N 3

ð31ÞHere, 2i denoting the characteristic circumferential wave number. N3 = Nu, or =Nv, or =Nw according to the
equation number.
The h-dependence is eliminated by applying Galerkin’s procedure. A central ﬁnite diﬀerence scheme is used
to reduce the ordinary diﬀerential equations to the following algebraic ones:½AfZð2Þg ¼ fFg ð32Þ
where A and F are the post-buckling matrix and the RHS vector, respectively. Z(2) is unknown vectors con-
sisting of u(2), v(2), w(2), uð2Þ;xx , v
ð2Þ
;xx and w
ð2Þ
;xx for the post-buckling state.
For perfect shells one is interested in the variation of k(n) with n in the vicinity of k = kc near the bifurcation
point kc the asymptotic expansion given in Eq. (15) is valid. Due to the periodicity of the buckling mode in the
circumferential direction the ﬁrst post-buckling coeﬃcient ‘‘a’’ vanishes.
For the case of a membrane pre-buckling state, Budiansky and Hutchinson (1964) derived the well-known
formula:b ¼  r2  L2ðu1Þ þ 2r1  L11ðu1; u2Þ
kcr0  L2ðu1Þ ð33ÞFor the case of nonlinear behavior the expansion of the pre-buckling state near the bifurcation point (kc) reads8 9 8 9 8 9 8 9
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wð0Þ
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wð0Þc
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_uð0Þc
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_wð0Þc
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>;þ
1
2
ðk kcÞ2
€uð0Þc
€vð0Þc
€wð0Þc
><
>:
>=
>;þ    ð34Þwhere ðÞ ¼ oð Þok :
Assuming that (k  kc) admits the asymptotic expansion:k kc ¼ akcnþ bkcn2 þ    ð35Þ
Cohen (1968), Fitch (1968) and later Arbocz and Hol (1989, 1990) obtained the following a and b coeﬃcients
(for the case of dead load):a ¼  3=2r1  L2ðu2Þ
kc½2r1  L11ð _uc; u1Þ þ _rc  L2ðu1Þ ð36Þ
b ¼  2r1  L11ðu1; u2Þ þ r2  L2ðu1Þf
þ akc½r1  L11ðu2; _ucÞ þ r2  L11ð _uc; u1Þ þ _rc  L11ðu1; u2Þ
þ 1
a
ðakcÞ2½2r1  L11ð€uc; u1Þ þ €rc  L2ðu1Þ
	
fkc½2r1  L11ð _uc; u1Þ þ _rc  L2ðu1Þg ð37Þ
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order (a) vanishes and b is obtained asb ¼  r2  L2ðu1Þ þ 2r1  L11ðu1; u2Þ
kc½2r1  L11ð _uc; u1Þ þ _rc  L2ðu1Þ ð38ÞFor the case of linear pre-buckling, that isrc ¼ kcr0; _rc ¼ r0; €rc ¼ 0
uc ¼ kcu0; _uc ¼ u0; €uc ¼ 0
ð39ÞEq. (38) becomesb ¼  r2  L2ðu1Þ þ 2r1  L11ðu1; u2Þ
kc½2r1  L11ðu0; u1Þ þ r0  L2ðu1Þ ð40ÞBy using the orthogonally condition r0 Æ L11(u1,un) = 0 for n = 0, 2, 3, . . . and neglecting the pre-buckling
deformation L11(u0,un) = 0 for n = 0, 2, 3, . . . Eq. (40) is degenerated to Eq. (33) obtained by Budiansky
and Hutchinson (1964).
The main discrepancy between Eqs. (33) and (40) is the orthogonal variable 2r1 Æ L11(u0, u1) in the domi-
nator omitted by Budiansky and Hutchinson. In most cases this variable is indeed negligible. Fitch (1968)
found a case of spherical cap under concentrated load in which it is not negligible. Goldfeld et al. (2003) found
another case – isotropic conical shell under external pressure. In both cases, due to the dominant eﬀect of
2r1 Æ L11(u0,u1), the dominator vanishes and the sensitivity parameter, b, became singular.
For shells with initial imperfection ðnuÞ, where u is a vector consisting of u, v, w displacements, the variation
of kðn; nÞ with n in the vicinity of k = kc near the limit point kc can be also expressed by an asymptotic expan-
sion. The asymptotic expansion for the case of linear pre-buckling state and by assuming that the imperfection
shape is proportional to the buckling mode, u ¼ nu1, where u1 consist only the out-of-plane displacement w, is
given by Budiansky and Hutchinson (1964) ask
kc
¼ 1
nþ n ðnþ an
2 þ bn3 þ   Þ ð41ÞFor nonlinear pre-buckling state Cohen (1968) obtained the following expansion:nðk kcÞ  akcn2  bkcn3 þ    ¼ ½akc þ bðk kcÞnþ 0ðnnÞ ð42Þ
The parameters a and b represent the imperfection shape factors, they were obtained by Cohen (1968, 1969)
for orthotropic shells and by Arbocz and Hol (1989, 1990) for anisotropic shells, asa ¼ rc  L11ðu; u1Þ þ r1  L11ðu; ucÞ  kcq1ðuÞ  u1
kc½2r1  L11ð _uc; u1Þ þ _rc  L2ðu1Þ  q1ðu1Þ  u1
ð43Þ
b ¼ f _rc  L11ðu; u1Þ þ r1  L11ð _uc; uÞ  q1ðuÞ  u1 þ H ½L11ð _uc; u1Þ  L11ð _uc; u1Þ
 akc½H ½L11ð _uc; u1Þ  L11ð _uc; u1Þ þ r1  L11ð€uc; u1Þ þ 1=2€rc  L2ðu1Þg
=½2r1  L11ð _uc; u1Þ þ _rc  L2ðu1Þ  q1ðu1Þ  u1 ð44Þwhere u is the imperfection shape. Degenerating these equations to the case of linear pre-buckling leads to
a = b. Using the orthogonality condition and assuming membrane pre-buckling deformation leads to
a = b = 1. Therefore, Eq. (42) degenerates to Eq. (41) obtained by Budiansky and Hutchinson (1964).
The main goal in buckling analysis of structure is the prediction of the real buckling load. Using Koiter’s
theory it is possible to estimate this load just by calculating the classical buckling load and the imperfection
sensitivity parameter. The buckling load for imperfect structure will occur at the limit point ks, which obtained
by the calculation of the ﬁrst derivative of k with respect to n.
For the case of linear pre-buckling and by assuming axisymmetric deformation (a = 0):1 ks
kc
 3=2
¼ 3
ﬃﬃﬃ
3
p
2
n
ﬃﬃﬃﬃﬃﬃ
b
p ks
kc
 
ð45Þ
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Fig. 3. Estimate of critical buckling load for imperfect structure.
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kc
 2
¼ 4an b 1 ks
kc
 
 a
 
ð46ÞFor the case of nonlinear pre-buckling and by assuming axisymmetric deformation (a = 0):1 ks
kc
 3=2
¼ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ3bp
2
n b 1 ks
kc
 
 a
 
ð47ÞThe variation of the ratio between the buckling load of imperfect structure and the buckling load of perfect
structure is given in Fig. 3 versus the imperfection factors. It is seen that the lower the imperfection factors the
less the reduction of the buckling load of the imperfect structure.
For conical shell, with the variables u, v, w the operators will beri  L11ðuj; ukÞ ¼
Z b
a
Z 2p
0
(
N ðiÞxx ½wðjÞ;x wðkÞ;x þ d2vðjÞ;x vðkÞ;x 
þ N ðiÞhh
wðjÞ;h w
ðkÞ
;h
rðxÞ2 þ
d1 cosðaÞ
rðxÞ2 ðcosðaÞv
ðjÞvðkÞ  vðjÞwðkÞ;h  vðkÞwðjÞ;h Þ
" #
þ 2N ðiÞxh
wðjÞ;x w
ðkÞ
;h
2rðxÞ þ
wðkÞ;x w
ðjÞ
;h
2rðxÞ 
d1 cosðaÞ
2rðxÞ ðv
ðjÞwðkÞ;x þ vðkÞwðjÞ;x Þ
" #)
dhdx; i; j; k ¼ 0; 1; 2 ð48ÞHere, the superscripts (i), (j) and (k) denote the appropriate state ((0) pre-buckling, (1) buckling and (2) initial
post-buckling).3. Results and discussion
For the procedure outlined above, a special computer code ISOLCS (Imperfection Sensitivity of Laminated
Conical Shells) was written, covering buckling and initial post-buckling behavior of any laminated conical
shell under arbitrary loads, taken into account the variation of the material with the shell’s coordinate. The
code, which incorporated the three comparative shell theories (Donnell’s, Sanders’ and Timoshenko’s), is
specially designed to examine the accuracy of the imperfection sensitivity parameter, over a wide range of shell
aspect ratios.
1234 Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241The main purpose of the parametric study of the imperfection sensitivity is to identify and to analyze the
accuracy of the parameters with respect to the cone semi-vertex angle and with respect to the angle ply of
the lamina. Furthermore, to try to ﬁnd a good estimate for the exact sensitivity behavior, comparison between
the ‘‘exact’’ sensitivity behavior with the common approximate solution reported in the literature, by taken
nominal material properties from diﬀerent cross-section along the shell, will be carried out.
For this purpose a ﬁlament-wound laminated conical shell was used, the geometric and material properties
were taken from Tong (1999). The geometric properties of the shell: R1 = 0.1325 m, L = 0.2 m, see Fig. 1, the
shell is made of four layers with angle ply of [90/±b/90] and total thickness of t1 = 0.00116 m at the small
end the shell. Material properties are as follow: GFRP-Glass Fibers Reinforced Plastic: E11 = 42.6 GPa,
E22 = 11.7 GPa, G12 = 4.8 GPa, m12 = 0.302. The parametric study covers axial compression and external
pressure.
3.1. Axial compression
The axial compression was applied through the boundary condition, at the narrower end SS3, that is
Nxx ¼ Nxx, and v = w =Mxx = 0, and at the large end SS4, that is u = v = w =Mxx = 0, where Nxx is the axial
stress resultant.
First the accuracy of the three shell’s theories is studied. In Fig. 4 the axial compression buckling load and
Koiter-b parameter are plotted versus the cone semi-vertex angle for laminated conical shells with four layers
of 90/±45/90 and total thickness of t1 = 0.00116 m at the narrower end. It is seen that there is almost no
discrepancy between buckling loads calculated by the diﬀerent shell’s theories. The discrepancy is mostly
pronounced at the sensitivity b parameter. Timoshenko’s theory gives lower imperfection sensitivity parameter
compared to Sanders’ and Donnell’s theories. Usually, the most accurate theory yields the lower sensitivity b
parameter; see also at Sheinman and Goldfeld (2004). In Fig. 5 the pre-buckling deformation, the buckling
mode and the initial post-buckling deformation along the axial direction are given for the three shells theories
for a = 45, the circumferential wave number for the buckling mode are given in Fig. 4. The pre-buckling
deformation is the same for the three shell’s theories, since there is no diﬀerence in the linear parts of the kine-
matic relations, the discrepancy is in the buckling mode and in the initial post-buckling deformation. Sanders’0 10 20 30 40 50 60 70 80
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Fig. 4. Axial compression buckling load and Koiter’s sensitivity b parameter versus cone semi-vertex angle according to three shell
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Fig. 5. Pre-buckling deformation, buckling mode and initial post-buckling deformation of laminated conical shell under axial
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diﬀerent behavior which also aﬀects the sensitivity b parameter.
Generally, for isotropic conical shells, as the cone semi-vertex increases (transition from sensitive cylinder
to insensitive annular plate), the buckling load decreases and also the sensitivity to imperfection decreases. For
laminated conical shell the wider the cone semi-vertex angle the more the shell is sensitive to imperfection. The
reason for that is the variation of the material properties with the shell’s axial coordinate: the wider the cone
semi-vertex angle the rapid the reduction of the thickness along the axial coordinates which gives lower weight
(less material) of the shell, leading to lower buckling load and more sensitive shell.
The transition between circumferential wave number leads to discontinuity in the Koiter-b parameter
curves, see also Goldfeld and Sheinman (2004). The discontinuity in sensitivity b parameter is further inves-
tigated in Fig. 6 for Donnell’s theory. It is seen that each circumferential wave number has its own b parameter
curve.
In Fig. 7 the buckling load and Koiter-b parameter are plotted versus ply orientation at the small end of the
shell 90/±b1/90 for conical shell with a = 30 for the three shell’s theories. Here again, the discrepancy
between the buckling loads obtained from the diﬀerent theories is almost negligible. In the sensitivity b param-
eter, Timoshenko’s theory yields less sensitive b parameter compared to Sanders’ and Donnell’s theories. The
discrepancy is mostly pronounced at higher b, Timoshenko’s theory tends to less sensitive shell while higher
sensitivity obtained by Sanders’ and Donnell’s theories. A comparison between sensitivity b parameter calcu-
lated by varying material properties, by nominal material properties taken from the mid-length of the shell,
and constant material properties taken from the narrower end of the shell (90/±45/90, t = 0.00116 m), all cal-
culated by Donnell’s theory is given in Fig. 8. As was expected the variation of the material properties changes
the initial post-buckling behavior leading to more imperfection sensitive shells. The discrepancy is mostly pro-
nounced at a less than 20. Not only are the buckling load and the sensitivity parameter diﬀerent, but the
buckling mode and the initial post-buckling deformation are diﬀerent too. Usually, exact solution of the buck-
ling and initial post-buckling behaviors with variable stiﬀness coeﬃcients yields higher circumferential wave
number than solution based on nominal material properties, see Fig. 8. Furthermore, at the axial direction,
see Fig. 9 for a = 45, the buckling mode and initial post-buckling deformation of conical shell with constant
stiﬀness matrices usually is concentrated at the narrower end of the shell, dependent on the cone semi-vertex
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1236 Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241angle, whereas consideration of the variable stiﬀness matrices yields the deformations of the buckling
mode and of the initial post-buckling concentrated at the larger end of the shell, where the thickness is the
smallest.
Usually, all calculations give higher sensitivity at wider cone semi-vertex. Since the thickness and the ply
angle at the mid-length of the shell, which are used as nominal properties along the shell, are dependent on
the cone semi-vertex angle its gives less volume at wider cone semi-vertex. For the case of constant material
properties, there is a slight reduction of the sensitivity for wider cone semi-vertex angle.
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Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241 1237In this case, calculation of the buckling load and imperfection sensitivity of laminated conical shell with
nominal material properties can lead to higher buckling load and less sensitivity to imperfection shell; that
is not on the safe side. This must be taken into consideration when laminated conical shells are designed under
the assumption that the stiﬀness coeﬃcients are constant.
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In Fig. 10 the buckling load and the sensitivity b parameter are plotted versus the cone semi-vertex angle for
simply supported conical shells (SS4–SS4) for Sanders’ and Donnell’s theory. The diﬀerence between the the-
ories is pronounced only in the sensitivity parameter, and it has less eﬀect than for the axial compression load
case. It is seen that the sensitivity increases till a = 45 and for a wider than 45 it decreases. Usually, for a
laminated shell with constant stiﬀness matrices under external pressure, increasing the ply angle leads to stiﬀ-
ening the shell in the circumferential direction, which brings higher buckling load and less imperfection sen-
sitivity. Here, for small cone semi-vertex angle the variation of the angle ply is less rapid and the reduction of
the thickness is more dominant therefore the sensitivity increases and the buckling load decreases rapidly.
However, for wider cone semi-vertex angle the variation of the angle ply in the axial direction is the dominant
factor which stiﬀens the shell in the circumferential direction, leading to less sensitive shell.
It is seen that the sensitivity b parameter is also highly dependent on the circumferential wave number. The
transition from diﬀerent circumferential wave number yields discontinuity in the sensitivity b parameter, and
the wider the cone semi-vertex increases the more it is pronounced.
In Fig. 11 the external pressure buckling load and Koiter-b parameter are plotted versus ply orientation at
the small end of the shell 90/±b1/90 for conical shell with a = 30 for Sanders’ and Donnell’s shell theories.
Here again, the discrepancy between the buckling loads obtained from the two theories is almost negligible,
the circumferential wave number is equal to 10 for both theories all over the range. The discrepancy is pro-
nounced at the sensitivity parameter. While increasing the ply orientation the shell stiﬀened in the circumfer-
ential direction which suppose to lead higher buckling load and less sensitive to imperfection, however
increasing the ply orientation decrease the volume of the shell rapidly which leads to lower buckling load
and higher sensitivity. Till b1 = 3–4 the inﬂuence of the reduction of the thickness is more dominant and
the sensitivity increases, while at larger ply angle the variation of the ply angle (tends to stiﬀen the circumfer-
ential direction) is the dominant eﬀect and the sensitivity decreases. Both eﬀects inﬂuence the shell behavior as
can be seen in Fig. 11.
Comparison between buckling load and sensitivity b parameter calculated by varying material properties,
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Y. Goldfeld / International Journal of Solids and Structures 44 (2007) 1221–1241 1239from the narrower end of the shell (90/±45/90, t = 0.00116 m), all calculated by Donnell’s theory is given in
Fig. 12. It is seen that constant material properties change the initial post-buckling behavior leading to less
sensitivity to imperfection for shells till a = 65 and for wider cone semi-vertex angle to more sensitive
shell.
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In this study, the buckling load and the imperfection sensitivity of a ﬁlament-wound laminated conical
shell were investigated under the assumption that ﬁber orientation changes as a geodesic path by consider-
ation of the variation of the stiﬀness coeﬃcients and their dependence on the shell’s coordinates, according
to three shell theories. The improvement in this research is achieved by the adoption of a suitable analytical
representation to describe the coordinate dependent stiﬀness and, especially, by the study of the inﬂuence of
the variation of the stiﬀness coeﬃcients on the imperfection sensitivity of the ﬁlament wound laminated
conical shells.
From the results presented, the following conclusion can be drawn:
1. Usually, laminated conical shells are sensitive to imperfection, unlike isotropic conical shell the sensitivity
does not reduce as the cone semi vertex becomes wider.
2. Usually, the wider the cone semi-vertex angle the lower the buckling load and the more the shell is sensitive
to imperfection. The reason for that is the reduction of the thickness along the axial coordinate which is
more rapid when the cone semi-vertex angle is wider, this bring to lighter shell and therefore to a more sen-
sitive one.
3. The variation of the material properties with the shell’s coordinate has a major inﬂuence on the imperfec-
tion sensitivity of the shell. Assuming constant material properties can lead to higher buckling load and less
sensitive shell, that is the design can be in this case not on the safe side.
4. The accuracy of the shell’s theory has a major inﬂuence on the imperfection sensitivity parameter. Accurate
theory gives lower buckling load and less sensitivity to imperfection. The diﬀerence between the theories is
most pronounced in the case of axial compression.
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